ABSTRACT. It is shown that the sum of two geometrically linked ideals in the linkage class of a complete intersection is again an ideal in the linkage class of a complete intersection. Conversely, every Gorenstein ideal (of height at least two) in the linkage class of a complete intersection can be obtained as a "generalized localization" of a sum of two geometrically linked ideals in the linkage class of a complete intersection. We also investigate sums of doubly linked Gorenstein ideals. As an application, we construct a perfect prime ideal which is strongly non obstructed, but not strongly Cohen-Macaulay, and a perfect prime ideal which is not strongly nonobstructed, but whose entire linkage class is strongly Cohen-Macaulay.
INTRODUCTION
Let X and Y be two projective varieties of codimension g that have no common components and no embedded components. Then X and Yare geometrically linked if the scheme theoretic union Xu Y is a complete intersection [28] . In this paper now, we are mainly interested in the structure of the scheme theoretic intersection X n Y of the two linked varieties X and Y.
More generally, two ideals I and J in a local Gorenstein ring R are said to be linked (write I ~ J) if there is an R-regular sequence 0: = Cl: 1 ' '" ,Cl: g contained in In J such that J = (0:) : I and I = (0:) : J [28] . If moreover I and J have no minimal primes in common, then the link I ~ J is called geometric [28] . We say that an ideal I is licci (in the linkage class of a complete intersection) if there is a sequence of links I ~ II ~ ... ~ In with In a complete intersection (standard examples of licci ideals include perfect ideals of grade two, [2] , [8] , and perfect Gorenstein ideals of grade three, [35] ). Peskine and Szpiro have shown that if I and J are two geometrically linked CohenMacaulay ideals of grade g, then I + J is a Gorenstein ideal of grade g + 1 [28] , thus providing a way to construct Gorenstein ideals from Cohen-Macaulay ideals of smaller grade. It seems natural to ask which properties are preserved under this construction, as we pass from I or J to I + J. We are mainly interested in the property of being licci, partly because other than linkage, only very few methods are known of obtaining new licci ideals from given ones. Now let R be a local Gorenstein ring with infinite residue class field. We are going to show that the sum of two geometrically linked licci R-ideals is indeed a licci (Gorenstein) ideal (Theorem 2.1). As a partial converse we prove that every licci Gorenstein R-ideal (of grade at least two) can be obtained as a generalized localization of a sum of two geometrically linked licci R-ideals (Theorem 2.17). Here "generalized localizaton" is a technical notion comprising localization, deformation, specialization, and purely transcendental changes of the residue class field (Definition 1.8). This notion cannot be deleted in the statement of Theorem 2.17, since there exist licci Gorenstein ideal which are not equal to a sum of two geometrically linked licci ideals (Proposition 2.5, Corollary 2.7, Example 2.8). Combining Theorems 2.1 and 2.17, we eventually obtain the following characterization: Let K be an R-ideal of grade at least two, then K is a licci Gorenstein ideal if and only if K is a generalized localization of the sum of two geometrically linked licci R-ideals (Corollary 2.28). To prove these results, we repeatedly modify the links in question by using the notion of generalized localization, and eventually reduce the claim to the case, where the ideals have grade one or two and the problem can be solved by explicit computation. These proofs can be found in the second section of the paper, whereas the necessary background information about generalized localization is developed in the first section.
In the third section, we deal with the question of how depth conditions on the Koszul homology and the twisted conormal module pass to the sum of geometrically linked ideals (Corollary 3.10, Theorem 3.11). To answer this question, we need another result which might be of independent interest (Theorem 3.1, Corollaries 3.4 and 3.5): Let I and J be two Cohen-Macaulay ideals which are linked in an odd number of steps, then the depth of the first Koszul homology of I equals the depth of the second symmetric power of the canonical module of R / J (whereas by Huneke, [13] , the depths of the first Koszul homologies of I and J coincide, in case I and J are linked in an even number of steps).
In the fourth section, we turn our attention to the sum of ideals which are linked in two steps. Let 10 ~ II ~ 12 be a double link where now 10 and 12 are Gorenstein R-ideals of grade g. We further assume that (R '/0) and (R '/2) have no common deformation (cf. Definition 1.7). In this situation, we show that 10 ~ II ~ 12 is a tight double link in the sense of Kustin and Miller ( [24] , cf. Definition 1.5) (Proposition 2.16), and that the "generic" grade of the sum 10 + 12 is g + 2 (Lemma 4.1, Remark 4.2). Thus it is natural to suppose that 10 + 12 has grade at least g + 2 , and with this assumption, we show that 10 + 12 is a Cohen-Macaulay ideal of grade g + 2 provided the first Koszul homology of.lo is Cohen-Macaulay (Theorem 4.3).
In the fifth section, we use the results of the preceding two sections to construct two examples. Recall that an ideal I is called strongly Cohen-Macaulay if all the Koszul homology modules of I are Cohen-Macaulay, and strongly nonobstructed if I tensored with the canonical module of R/ I is a CohenMacaulay module (for the significance of these notions in the study of blowingup rings, residual intersections, and deformations, cf.
[S], [10] , [12] , [14] , [16] , [21] , [30] , [31) ). Huneke has shown that the strong Cohen-Macaulayness is preserved under even linkage ( [13] , [1S)), and Buchweitz has proved that the property of being strongly nonobstructed passes through any number of links ([S] , cf. also [6) ). In particular, if I is licci, then the entire linkage class of I is strongly Cohen-Macaulay and I is strongly nonobstructed. Now in the last section of this paper, we consider a sum of two doubly linked Gorenstein ideals to construct a perfect prime ideal (generated by a d-sequence) which is not strongly nonobstructed, but whose entire linkage class is strongly CohenMacaulay. Conversely, we essentially take a sum of two geometrically linked perfect ideals to obtain a Gorenstein prime ideal which is strongly nonobstructed, but not strongly Cohen-Macaulay (Theorem S.3). By the results of Buchweitz and Huneke, the two ideals cannot be licci, thus demonstrating that neither the strong Cohen-Macaulayness of the entire linkage class nor the strong nonobstructedness of the ideal suffice to characterize licci ideals.
LINKAGE AND GENERALIZED LOCALIZATION
In this section we fix the notation that will be used throughout the paper and list some general results concerning linkage. We also introduce the notion of generalized localization and derive its basic properties, which will play an important role in the next section.
In this paper, "ideal" will always mean proper ideal. Let (R, m) be a Noetherian local ring, let I be an R-ideal, and let M be a finitely generated R-module. Then /(M) denotes the length of M, v(M) is the minimal number of generators of M, M satisfies Serre's condition (Sk) if depthM p ~ min{k, dimR p } for all p E Spec(R), and we say that M has a rank and that this rank is n if Mp ~ EB n Rp for all P E Ass(R). By Sn (M) we denote the nth symmetric power of M. The grade of I, grade I, is the maximal length of an R-regular sequence inside I, and the deviation of I, d(I) , is the difference v (I)-grade I. The ideal I is called unmixed if all associated primes of I have the same height in R, and I is a complete intersection (almost complete intersection) if d(I) = 0 (d(I) ~ I respectively). We will often say that I is Cohen-Macaulay or Gorenstein, by which we mean that the ring R/ I has any of these properties. An ideal in a local Cohen-Macaulay ring is called perfect if it is Cohen-Macaulay and has finite projective dimension. Further we define V(I) = {p E Spec(R)JI c p}, NC/(I) = {p E V(I)Jl p not a complete intersection} , and NG(R) = {p E Spec(R)JRp not Gorenstein}. The ideal I satisfies (Cl k ) if dim(R/I)p > k for every p E NCI(I) , I is generically a complete intersection if I is unmixed and (C 1 0 ) , and the ring R satisfies Serre's condition (R k ) if Rp is regular for all p E Spec(R) with dimRp ~ k. By w R we denote the canonical module of R (in case it exists), and r(R) is the type of R
(in case R is Cohen-Macaulay). Of course, r(R) = v(w R ). If X is a finite set
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use of variables, we write R(X) = R[X](m) . By I/ x / we denote the t by t identity matrix, and for a matrix A with entries in R, I/A) is the R-ideal generated by all t by t minors of A. Definition 1.1 [28] . Let 1 and J be two ideals in a (not necessarily local) Gorenstein ring R. Notice that in the above definition, 1 and J are not allowed to be unit ideals, and that 1 and J are automatically unmixed ideals of the same grade g. Moreover, 1 and J are geometrically linked if and only if 1 and J are linked and grade (I + J) 2: g + 1 . In this case, 1 n J = (0) [28] . Proposition 1.2 [28] . It is immediate from Proposition 1.2(c) that if 1 is Gorenstein, then J is an almost complete intersection. Conversely, if J is an almost complete intersection, but not a complete intersection, then 1 is Gorenstein if and only if 0 = O! 1 ' ... ,O! g form part of a minimal generating set of J . Proposition 1.3 [28] . Let R be a local Gorenstein ring, let 1 and J be two geometrically linked Cohen-Macaulay ideals of grade g, and set
Then K is a Gorenstein ideal of grade g + 1 .
The ideal K from the above proposition is clearly the preimage in R of a canonical ideal of R/I, because
(cf. Proposition 1.2(c)). Proposition 1.3 also provides a natural way of constructing Gorenstein ideals from Cohen-Macaulay ideals of smaller grade. We are going to address the question of which Gorenstein ideals K actually arise in this way as a sum of two geometrically linked Cohen-Macaulay ideals 1 and J , and which properties of 1 or J are preserved as we pass to K = 1 + J .
We are particularly interested in the property of being in the linkage class of a complete intersection: 
Definition 1.7 [18] . Let (R,I) and (S, J) be pairs as in Definition 1.6(c).
(a) We say that (S, J) is a deformation of (R, I) (or equivalently, (R, I) is a specialization of (S, J)) (with respect to a), if there is a sequence a C S, a = (aI' ... ,an) , which is regular on Sand Sj J such that
(b) We say that (S, J) is essentially a deformation of (R, I), if there is a sequence of pairs (Si' JJ, 1 :::; i :::; n, with (SI' J I ) = (R ,I), (Sn ,I n ) = (S, J), such that for each 1 :::; i :::; n -1 , one of the following conditions is satisfied:
We have to introduce yet another relation between pairs of rings and ideals. Definition 1.8. Let (R,I) and (S, J) be pairs as in Definition 1.7. We say that (R, I) is a generalized localization of (S, J) if there is a sequence of pairs (Si' J i ), 1 ::; i ::; n, with (SI' J I ) = (S, J), (Sn ,In) = (R,I) , such that for each 1 ::; i ::; n -1 , one of the following conditions is satisfied:
,Ji+IS(Z)) for some finite set of variables Z over Si+I'
Next we have to record in which way linkage is compatible with the operations in Definitions 1. 7 and 1.8. In particular,
Therefore the link J ~ (P) : J is geometric. But then grade ( J + ((P) : J)) = g + 1 (by Proposition 1.3), hence grade(J + ((P) : J)) = grade (I + ((0:) : /)). This together with the fact that S / (J + ((P) : J)) is Cohen-Macaulay (by Proposition 1.3), now implies that a is regular on S/(J + ((P) : J)). Therefore (R,I + ((0:) : I)) is a specialization of (S, J + ((P) : J)) with respect to a. 0 Lemma 1.11. Let S be a local Gorenstein ring, let J be a licci S-ideal, let (R, I) be a generalized localization of (S , J) , and assume that the residue class field of R is infinite.
Then I is a licci R-ideal.
Proof. We use the notation of Definition 1.8. Let X be an indeterminate, then for 1 ::; i ::; n we replace (Si' J i ) by (Si(X) , Ji(X)) and set (Sn+I' I n + l ) = 
is called the first generic link of I (with respect to f).
(b) Let R be local, and let I and g be either as above, or I = Rand 
We call Li(l) an ith generic link of I. We also proved that up to generic equivalence of pairs in the sense of Definition 1.6( c),
The next result describes the main property of generic linkage. . .
Pg In
Only by using elementary row operations and hence without changing the sequence 1; , ... ,fn and the ideal (PI' ... ,p g)R , we may assume that
A=(f-H)
where I txt is the t by t identity matrix, B is a t by n -t matrix, and C is a g -t by n -t matrix with entries in m. In the same fashion, we decompose where Z is a t by t matrix. Now set
Then q has the following properties: q is a prime ideal in
is regular, and m c q C (m, X). Then clearly (R,J) will be a
Since the entries of the matrix C are in m, and from the definition of q , it follows that the sequence a consisting of the entries of the matrices U -ZB , V, W -C are contained in q, and hence forms an R[X]q-regular sequence.
In particular,
However, since the matrix Z is invertible over R(Z), we conclude that
form an R(Z)-regular sequence which generates the same R(Z)-ideal as PI'
Combining the proof of Theorem 1.14 and Lemma 1.10 we obtain immediately: Corollary 1. 15 . In addition to the assumptions of Theorem 1.14, suppose that the link I ~ J is geometric. We also remark that instead of considering just one link I ~ J, one could easily generalize Theorem 1.14, Corollary 1.15, and Remark 1.16 to statements concerning a whole sequence of links (similar to Theorem 1.13). The next observation will playa crucial role in the second section of this paper, since it enables us to modify a given link by using generalized localizations. 
Then (R[X]q' (IR[X] + LI (I))q) is a deformation of (R(Z) , (I + J)R(Z)
)
SUMS OF LICCI IDEALS
We are now able to prove one of our main results. We will prove the theorem by induction on n. If n = 0, then I = In is a complete intersection, and as 1+ J/I ~ W R / 1 is cyclic (by Proposition 1.2(c)), it follows that I + J is a complete intersection. Therefore we may assume that n > 0 and that our result is true for smaller n. 
Proof. Since grade (I + L) ~ 1 and x is regular on R, it follows that grade (I + xL) ~ 1. Thus I + xL contains an R-regular element, which automatically has the form a + xb with a E I and bEL. Now suppose that a + b is a zero divisor in R, then a + b E P for some p E Ass(R). However o = In L, hence Ass(R) c Ass(Rj 1) U Ass(Rj L) and we may assume that a + bE p for some p E Ass(Rj 1). But also a E p , hence b E P , and therefore a + xb E p, which is impossible since a + xb is R-regular and p E Ass(R) .
Thus we have seen that a + b and a + xb are R-regular elements.
To prove the equality of the colon ideals, first observe that
if and only if for all eEl and dEL there exists an element s E R such that cr = as and dr = bs. Since x is R-regular, the latter condition is equivalent to the statement that for all eEl and xd E xL there exists an element s E R such that cr = as and xdr = xbs. This in turn holds true if and only if The second main result in this section will contain a partial coverse of Theorem 2.1. We will prove that every licci Gorenstein ideal (of grade at least two in a local Gorenstein ring R with infinite residue class field) is a generalized localization of a sum of two geometrically linked licci R-ideals (Theorem 2.17). Theorem 2.17 is in some sense the best possible result, since one cannot expect that every licci Gorenstein ideal is actually equal to a sum of two geometrically linked licci ideals. To see this we provide the following obstruction for an ideal to be the sum of linked ideals: Proof. We may assume that I is not a complete intersection. In the first part of the proof we reduce the problem to the case where J is a complete intersection. We will prove by induction on n > 0, that (Rn ,Ln-I(I)R n + Ln(I)) is essentially a deformation of (R, I + J). But for n = 1, this is the content of Remark 1. 16 . So let n > 1 . We may apply our result for n = 1 to the geometric
Consider ith universal links of I, L\I)
link L n-I (I) ~ L n -2 (I)R n -1 and conclude that (Rn ,L n -I (I)Rn +LI(L n-I (I))) = (Rn ,Ln-I(I)R n + Ln(l)) is essentially a deformation of (R n -I , Ln-I(I) + L n -2 (I)R n -I ) ,
which by induction hypothesis, is essentially a deformation of (R, I + J) .
Since I is licci, but not a complete intersection, it follows from [18, 2.17] ,
is essentially a deformation of (R, I + J) , we conclude that
Rn/(Ln-I(I)R n + Ln(I))
also would have to be (R3) or factorial respectively (the factoriality is preserved under essentially a deformation since R/ I +J satisfies (R 2 ) , cf.
[25, (D-S)']).
Thus replacing the link Remark 2.6. In contrast to Proposition 2.5, it is easy to construct rings of the form Rj I + J that do satisfy (R 2 ). Let R' be a regular local ring, let I' be a licci R'-ideal of positive grade such that R' j I' satisifes (R3) (at least after deformation, the latter condition holds for any licci ideal, cf. [32] 
Then (R, K) has a deformation (f?, K) such that K is not the sum of two geometrically linked lied R-ideals.
Proof. We may assume that K is the sum of two geometrically linked licci R-ideals. But then K itself is licci by Theorem 2.1, and hence (R, K) has a deformation (R, K) such that Rj K satisfies (R3) (cf. [32] ). Now suppose that K is the sum of two geometrically linked licci R-ideals I and J. Neither I nor J could be a complete intersection since K is not a complete intersection. But then Proposition 2.5 implies that Rj K could not be (R 3 ). D Example 2.8. Let R be a regular local ring, let K be an R-ideal of grade 3 which is not a complete intersection, and assume that Rj K satisfies (R 3 ).
Then K is not the sum of two geometrically linked Cohen-Macaulay Rideals.
Proof. The claim follows immediately from Proposition 2.5, since the CohenMacaulay ideals of grade 2 in a regular local ring are automatically licci, [2] , [8] . D We now aim at proving our second main result, which says that every licci Gorenstein ideal (of grade at least two in a local Gorenstein ring with infinite residue class field) is a generalized localization of a sum of two geometrically linked licci ideals (Theorem 2.17). In the proof of the theorem, we will proceed by lnduction on the number of steps necessary to link the licci Gorenstein ideal to a complete intersection. To do so, we first have to prove that we can "lift" links through generalized localizations and still retain certain properties, such as Gorensteinness. This is the content of a set of lemmas which follow now and in particular of Lemma 2.14 and Corollary 2.15 (it is also for the proof of Lemma 2.14 that we need the regularity assumption in Definition 1. 8(i) 
Proof. We may assume that g = 1. Obviously 
The entries of the matrix X form a regular sequence on R[X](m ,X) ,and modulo this sequence, PI"'" P g specialize to the R-regular sequence a l , ... , a g .
Therefore it follows from Lemma 1.9 that
is a deformation of (R, (0) : J) = (R, J).
By" "we denote images of elements of R in the factor ring R. Then 71 ' ... ,7 n generate the ideal 1, and since E + X is still a generic matrix over
is a specialization of
(R[X](m,x)' ((P)R[X]: IR[X])(m,x))'
By Lemma 2.9 there exists a g by n matrix F with entries in m such that 
(R[X](m,x)' ((P)R[X] : 1 R[X])(m,x))'
Now define J = (y) : 1. We have seen above that (R, J) and (R,J) have
(R[X](m,x)' ((P)R[X]: IR[X])(m,x))
as a common deformation. 0 Proof. By Corollary 2.12, we can find a link in S, 1 = 10 ~ 1; , such that (R, II) is a generalized localization of (S, 1;) and by Remark 1.18, there exists a link 1 = 10 ~ 11 ' such that the sequence defining this link is contained in m10. But then Corollary 1.17 implies that (S, 1;) is a generalized localization of (S, 11). In particular, (R,Il) is a generalized localization of (S, 11) .
The ideal II is not a complete intersection, since otherwise the Gorenstein ideals 10 and 12 would have to be almost complete intersections (cf. Proposition 1.2(c)) of finite projective dimension (cf. [28] ), and hence complete intersections (cf. [22] ). But this is ruled out by our assumptions. So let g = grade II '
On the other hand, 10 is Gorenstein, hence v (11) ~ g + 1 ,
and (R,I 1) is a generalized localization of (S, 11) , thus v (II) ~ V (11). There- Proof. First note that if I[ is a complete intersection, then 10 and 12 are also complete intersections by [22] , in which case (R '/0) and (R '/2) have a common deformation. Therefore we may from now on assume that I[ is not a complete intersection. We may also suppose that g = grade I > 0 because otherwise, (R, 1 0 ) = (R, 1 2 ) . 
c g ' and hence (S, (y)S: lIS) = (S, J) is a deformation of (R, (c): II) = (R,I 2 ). 0
We are now ready to prove our second main result. 
Then there exist geometrically linked licd R-ideals I and J such that (R, K) is a generalized localization of (R, 1+ J).
Proof. Since K is a licci Gorenstein R-ideal and the residue class field of R is infinite it follows from [19, 2.6] , that there exists a sequence of links in R,
is a complete intersection, and K2i are Gorenstein ideals for 0 ~ i ~ n. We will prove the theorem by induction on n. If n = 0, then K = K 2n is a complete intersection of grade at least two, and the claim is obviously true. Thus we may assume that n > 0 , and that K is not a complete intersection.
By induction hypothesis applied to the ideal K 2 , there exist geometrically linked licci R-ideals I and J such that (R, K 2 ) is a generalized localization of (R,/ + J). Now let m be the maximal ideal of R. By Remark 1.18, we can find a geometric link in R, I ~ l' , such that the R-regular sequence defining this link is contained in mI, and by Corollary 1.17, (R,I + J) is a generalized localization of (R, I + 1'). In particular, (R, K 2 ) is a generalized localization of (R, 1+ 1'). Therefore, replacing I ~ J by I ~ l' , we may from now on assume that the R-regular sequence defining the link I ~ J is contained in mI. For the remainder of the proof it is also more convenient to change our notation, and to set Ho = K 2 , HI = K I , H2 = Ko = K. Now Ho = I + J is a Gorenstein ideal in a Gorenstein ring R with infinite residue class field, (R, Ho) is a generalized localization of (R, Ho) , and Ho ~ HI ~ H2 is a sequence of links in R such that H2 is a Gorenstein ideal but not a complete intersection. Then Corollary 2.15 implies that there exists a sequence of links in R, Ho ~ HI ~ H2 ' such that the regular sequence defining the link Ho ~ HI is contained in mHo' H2 is a Gorenstein ideal, and
is a generalized localization of (R, H 2 ). Thus it suffices to prove our claim for H2 instead of K. Replacing Ho ~ HI ~ H2 by Ho ~ HI ~ H2 we may from now on make the following assumptions:
We are given a sequence of links in R, 
Proof. We may replace R by Rj(o) to assume that In J = 0, and hence
H=IEBJ. We will prove that (p):H=(a,b).
Now R is a Gorenstein ring, I and J are Cohen-Macaulay ideals of grade zero, and P is regular on R. Then Lemma 1.9 implies that 
In the situation of (2.22) 
H 2 =Jp (I+J)=P (JI+JJ).
However J = P + c = 
THE DEPTH OF THE KOSZUL HOMOLOGY
In this and the next sections, depth conditions on the Koszul homology will play an important role. Let 1 be an ideal in a local Gorenstein ring R, then by Hi (I) we denote the ith homology of the Koszul complex for some fixed generating set of I. Now Hi (1) [14] . This notion has turned out to be very useful in the study of blowing-up rings and residual intersections ( [12] , [14] , [16] , [21] , [30] , [31] ). Huneke showed that the strong Cohen-Macaulay property is preserved under even linkage ([13, 1.12], cf. also [15] To formulate our results, we also need to consider depth conditions on the conormal module: A Cohen-Macaulay ideal 1 is called strongly nonobstructed if the twisted conormal module of I, 1 {i9 R W R/ I ' is a Cohen-Macaulay R/ 1-module. Due to the work of Herzog, this notion plays an important role in deformation theory [10] . In fact, if 1 is strongly nonobstructed and R is a power series ring over a field k and R/I is reduced, then there are no obstructions for lifting infinitesimal deformations of Rover k [10, lA, cf. also 2.3]. Buchweitz has shown that the property of being strongly non obstructed is preserved under linkage (at least if R contains a field and all ideals are generically complete intersectons, [5, 6.2.11]), and later it was proved in [6] that even the depth of the twisted conormal module is an invariant of the linkage class. Of course any licci ideal is strongly nonobstructed as well as strongly Cohen-Macaulay by the work of Buchweitz and Huneke. In the last section of this paper however, we will show that neither property (even if the strong Cohen-Macaulayness is required for the entire linkage class) characterizes licci ideals. To accomplish this, we will need Corollary 3.10, which says that if 1 and J are two geometrically linked Cohen-Macaulay ideals and the twisted conormal module of 1 is R/ I-torsion free and 1 as well as J are syzygetic, then 1 + J is syzygetic. This fact can be used to show that a given twisted conormal module has nontrivial torsion, since computationally it is much easier to check the syzygetic property of ideals than torsion freeness of a twisted conormal module.
Our Theorem 3.1 was inspired by Vasconcelos' paper [34] , where the same result is shown for ideals of grade three. I am also very grateful to Wolmer Vasconcelos for simplifying my original proof of Theorem 3.1. of R), we may assume that g > ° (by [13, 104] the depth of the first Koszul homology is invariant under this operation).
We first show the existence of an exact sequence
Let a I ' .. , ,a g be a regular sequence defining the link 1 ~ J , and let L = (a I ' ' ., ,a g)' Then the exact sequence from Proposition 1.2( c), To see that depth LI = d -g + 1 , we simply consider the exact sequence
and notice that 
(this is essentially in [30] ). To this end consider the exact sequence
where ll(e) = J;. Tensoring by I®R' we obtain an exact sequence
and hence the above exact sequence yields
where N = U;@fj-fj@.t;ll S; i < j S; n) . On the other hand, I@R 1 1 N ~ S2 (I) .
This completes the proof of (3. Tensoring by lOR ,yields a commutative diagram with exact rows and columns:
Now S2(I) ~ 12 since 1 is syzygetic, and from the Snake Lemma we obtain an exact sequence
Notice that for all PESpec(R) with Kctp, (I0RKjp(/\2/))p~/p and IfIp is the natural embedding I; -t Ip. In particular, ker IfI is a R-torsion sub module of 12 and hence zero. Thus we have an exact sequence 2 2
(3.8) O-tl -t/0RKjp(/\/)-t/0RW-tO.
Now part (a) follows from (3.8) once we have shown that (3.9) 10RKjp(/\2I)~/K.
To prove (3.9), consider the natural projection
By the above, np is injective for all P E Spec(R) with K ct p. Suppose that ker n =1= 0 , and let p be a minimal element in Supp(ker n) . Then K c p , and hence by the Rj I-torsion freeness of 1 OR w, depth( 1 OR w) p ~ 1. But then by (3.8), depth(1 OR Kjp(/\2I))p ~ 1, and hence depth(kern)p ~ 1, which is impossible by the minimality of p. This contradiction proves (3.9). We now prove part (b). Taking second symmetric powers in the exact sequence 0 -t 1 -t K -t W -t 0, we obtain an exact sequence
Then (3.9) implies that is exact. It is easy to see that ker X is an R-torsion module and hence zero. Also notice that by Theorem 3.1, depthS 2 (w) = depthH,(J). 0 We need to show that depth HI (J) ~ 1. However, by our assumption on I, depth HI (/) ~ 2 and depth I ® R W Rj I ~ 2. Hence the standard exact sequence (3.12) and the exact sequence in Lemma 3.7(a) imply that depthIK ~ 2. Moreover, depthS 2 (K) ~ 1 since we assumed K to be syzygetic, and hence by Lemma 3.7(b), depth HI (J) = depthS 2 (w RjI ) ~ 1.
We now prove part (b). Write d = dimR and g = grade I . We first show that (i) implies (ii). By Corollary 3.10, K is syzygetic. Moreover, by (3.12) and Lemma 3.7, depthS 2 
Gorenstein ideal of grade g + 1 (Proposition 1.3).
Next we show that (ii) implies (i). By part (a), J is syzygetic and by [6] 
SUMS OF DOUBLY LINKED GORENSTEIN IDEALS
In the preceding two sections we studied sums of Cohen-Macaulay ideals of grade g, I and J, which are directly linked. In order to obtain any results we had to assume that 1+ J had grade at least g + 1, g + 1 being the "generic" grade for ideals of this type. We now take these investigations one step further and consider sums of Gorenstein ideals of grade g, 10 and 1 2 , which are linked in two steps. In Proposition 2.16 we had seen that either 10 and 12 become equal after deformation or else there exists a tight double link joining 10 and 1 2 , Thus it seems natural to assume that the link 10 ~ II ~ 12 is always tight.
We also assume that 10 + 12 has grade at least g + 2, g + 2 being the "generic" grade for ideals of this type (cf. Lemma 4.1, Remark 4.2). We then obtain positive results concerning the Cohen-Macaulayness of 10 + 12 (Theorem 4.3), and we can compute the type of Rj 10 + 12 (Remark 4.5). However, the example of (5.1) will illustrate that 10 + 12 need not be licci, even if 10 (and 1 2 ) has this property.
We begin by establishing that g + 2 is the "generic" grade of 10 + 12 . Then every minimal prime ideal of 10 + 12 has height at most g + 2.
Proof. Let p, a ,a = 0: I ' .•. ,0: g_1 be elements in R such that a, p , and a, a form R-regular sequences contained in 10 and 12 respectively, and II = (a, fJ, a) = (a, fJ) : 10 = (a, a) : 1 2 , After factoring out the ideal (a) we are in the situation where g = 1 and R is a complete intersection.
Let I~ I be the inverse fractional ideal of II in the total quotient ring of 
fn where Y is a g -1 by n matrix whose entries are linearly independent linear forms in R' [X] (this is always satisfied if the tight double link is semigeneric in the sense of [24] ).
Proof. Proof. With the notations preceding the remark, let" " denote reduction modulo (0) = (ai' ... ,a g _ I ), and set S = R/lo = R/l o ' Then there is an exact sequence To this end consider the exact sequence from (4.4),
O----+S ----+10/10----+10/10----+0 which induces an exact sequence
Then we obtain isomorphisms
On the other hand by local duality, Ext"R(/ 0/ 1 0 , R) ~ Exts(/ 0/10' S 
EXAMPLES
In this section we use the results of the previous two sections to construct two examples. The first example is a perfect prime ideal which is not strongly no nobstructed, but whose entire linkage class is strongly Cohen-Macaulay. Conversely, the second example is a perfect prime ideal which is strongly nonobstructed, but not strongly Cohen-Macaulay. The first ideal is a sum of two tightly linked Gorenstein ideals of grade 3 , whereas the second ideal is essentially obtained from the first one as a sum of two geometrically linked ideals. Since by [5] and [13] , any licci ideal is strongly nonobstructed and strongly Cohen-Macaulay, it follows that neither of the above ideals is licci. In particular our examples show that a perfect prime ideal need not be licci even if it is strongly nonobstructed or its entire linkage class is strongly Cohen-Macaulay.
We first have to fix some notation. Let k be a field of characteristic zero, let X = (Xi) be a generic alternating 6 by 6 matrix over k (if we wish we may set xS6 = 0) , let X be the matrix obtained from X by replacing X I2 by 0, 
X 23 x 24 X25 26
Here I is simply the ideal generated by all 4 by 4 Pfaffians obtained from X by deleting at least one of the last two rows and columns, and K is the ideal generated by the maximal minors of the matrix consisting of the first two rows of X and by the 4 by 4 Pfaffians of X which are obtained by deleting at least one of the last two rows and columns.
We are now ready to list the main properties of the ideals I and K. To verify these properties we invoke the results of chapters three and four and perform computer computations using "Macaulay". (a!, ... ,as' I' h 2 ), and hence I + J = (I ,hI' h 2 ). Now we have an exp IClt homogeneous generating set of the ideal I' + f , and we are able to perform computer computations using "Macaulay". Then one easily checks that I' + f has grade 6 and is generically a complete intersection. Thus by Lemma 1.10, (R' ,I' +J') is a specialization of (R, I +J) . In particular, I +J has also grade 6 and is generically a complete intersection. Moreover, I + J is Gorenstein by To show that K is strongly nonobstructed, but not syzygetic we proceed as in the proof of part (a). By" "we denote reduction modulo the R-regular Since K ® R S is Cohen-Macaulay, tensoring this sequence by ®s8 yields an exact sequence --10 -- ----10 where by [15,2.15] , HI (K)®sS ~ HI (K). Then the natural map HI(K) -+ S is injective, and hence K is syzygetic, which is impossible by the above. 0
O-+HI(K)®sS-+S -+K®R S -+ O
In the proof of part (a) of the theorem, one could have replaced the link J of J by the link L which was also used in the proof of part (b). However, the computer computations for the latter ideal turned out to be considerably more complicated. On the other hand, if one would have only wanted to show that the module IQ!)RwR/1 is not Cohen-Macaulay, one could have directly computed the length of a zero-dimensional specialization of this module (instead of invoking Corollary 3.10). This was done by W. Vasconcelos using "Macsyma," and I am grateful for his help. I would like also to thank C. Huneke for his helpful comments concerning the material of this paper.
